1. Introduction {#s1}
===============

Gaussian graphical models are widely used to represent conditional dependencies among sets of normally distributed outcome variables. For example, observed, and potentially dense, correlations between measurements of expression for multiple genes, stock market prices of different asset classes, or blood flow for multiple voxels in functional magnetic resonance imaging, i.e., fMRI-measured brain activity, can often be more parsimoniously explained by an underlying graph whose structure may be relatively sparse. As methods for estimating these underlying graphs have matured, a number of elaborations to basic Gaussian graphical models have been proposed, including those that seek either to model the sampling distribution of the data more closely, or to model prior expectations of the analyst about structural similarities among graphs representing related datasets ([@asw035C13]; [@asw035C6]; [@asw035C17]). In this paper, we propose an elaboration that seeks to model an additional feature of the sampling distribution increasingly encountered in biomedical data, whereby correlations among the outcome variables are considered to be the by-product of underlying conditional dependencies acting at different levels. For illustration, consider gene expression data obtained from multiple tissues, such as liver, kidney, and brain, collected on each individual. In this setting, observed correlations between expressed genes may be caused by dependence structures not only within a specific tissue but also across tissues at the level of the whole body. We describe these distinct graphical strata respectively as the category-specific and systemic layers, and model their respective outcomes as latent variables.
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}{}$\Omega $\end{document}$ is zero. Inferring the dependence structure of such a Gaussian graphical model is thus the same as estimating which elements of its precision matrix are nonzero.

When the underlying graph is sparse, as is often assumed, the maximum likelihood estimator is dominated in terms of the false positive rate by shrinkage estimators. The maximum likelihood estimate of $\documentclass[12pt]{minimal}
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}{}$\Omega $\end{document}$ typically implies a graph that is fully connected, which is unhelpful for estimating graph topology. To impose sparsity, and thereby provide a more informative inference about network structure, a number of methods have been introduced that estimate $\documentclass[12pt]{minimal}
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}{}$\ell _1$\end{document}$ regularization. [@asw035C21] proposed to iteratively determine the edges of each node in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathcal {G}$\end{document}$ by fitting an $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\ell _1$\end{document}$-penalized regression model to the corresponding variable $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$Y_j$\end{document}$ using the remaining variables $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$Y_{-j}$\end{document}$ as predictors, an approach which can be viewed as optimizing a pseudolikelihood ([@asw035C1]; [@asw035C23]). More recently, numerous papers have proposed estimation using sparse penalized maximum likelihood ([@asw035C31]; [@asw035C2]; [@asw035C7]; [@asw035C25]; [@asw035C24]). Efficient implementations include the graphical lasso algorithm ([@asw035C12]) and the quadratic inverse covariance algorithm ([@asw035C15]). The convergence rate and selection consistency of such penalized estimation schemes have also been investigated in theoretical studies ([@asw035C25]; [@asw035C16]).

Although a single graph provides a useful representation of an underlying dependence structure, several extensions have been proposed. In the context where the precision matrix, and hence the graph, is dynamic over time, [@asw035C32] proposed a weighted method to estimate the graph\'s temporal evolution. Another extension is to simultaneously estimate multiple graphs that may share some common structure. For example, when inferring how brain regions interact using fMRI data, each subject\'s brain corresponds to a different graph, but we would nonetheless expect some common interaction patterns across subjects, as well as patterns specific to an individual. In such cases, joint estimation of multiple related graphs can be more efficient than estimating the graphs separately. For joint estimation of Gaussian graphs, [@asw035C28] and [@asw035C14] proposed methods using group lasso and multi-task lasso, respectively. Both assume that all the precision matrices have the same pattern of zeros. To provide greater flexibility, [@asw035C13] proposed a joint penalized method using a hierarchical penalty, and derived the convergence rate and sparsistency properties of the resulting estimators. In the same setting, [@asw035C6] extended the graphical lasso ([@asw035C12]) to estimate multiple graphs from independent datasets using penalties based on the generalized fused lasso or, alternatively, the sparse group lasso.

The above methods for estimating multiple Gaussian graphs focus on the settings in which data collected from different categories are stochastically independent. In some applications, however, data from different categories are more naturally considered as dependent. In each of two studies considered here, gene expression data have been collected on multiple tissues in multiple mice. For each mouse we have expression measurements for $\documentclass[12pt]{minimal}
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}{}$(k = 1, \ldots , K)$\end{document}$. In this setting, the gene expression profiles of different mice may have arisen from the same network structure, but they are otherwise stochastically independent; in contrast, the gene expression profiles of different tissues within the same mouse are stochastically dependent. For such data, increasingly common in biomedical research, the above methods are not applicable.

To explore the gene network structure across different tissues, and to characterize the dependence among tissues, we consider a decomposition of the observed gene expression $\documentclass[12pt]{minimal}
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2. Methodology {#s2}
==============

2.1. Problem formulation {#s2a}
------------------------

The following notation is used throughout the paper. We denote the true precision and covariance matrices by $\documentclass[12pt]{minimal}
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The next proposition demonstrates convergence of our graphical EM algorithm. Proposition 1.*With any given*$\documentclass[12pt]{minimal}
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2.4. Model selection {#s2d}
--------------------
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3. Asymptotic properties {#s3}
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Similar to the discussion above for the EM algorithm, we have both consistency and sparsistency when $\documentclass[12pt]{minimal}
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4. Simulation {#s4}
=============

4.1. Simulating category-specific and systemic networks {#s4a}
-------------------------------------------------------

We assessed the performance of the one-step and EM methods by applying them to simulated data generated by two types of synthetic networks: a chain network and a nearest-neighbour network as shown in Fig. [2](#asw035F2){ref-type="fig"}. Twelve simulation settings were considered. These varied the base architecture of the category-specific network, the degree to which the actual structure could deviate from this base architecture, and the number of outcome variables. Fig. 2.Network topologies generated in the simulations. Panels (a)--(c) show chain networks with noise ratios $\documentclass[12pt]{minimal}
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Under each of the 12 simulation conditions, samples were independently and identically distributed, with systemic outcomes generated as $\documentclass[12pt]{minimal}
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Receiver operating curves for the one-step and EM methods are plotted in Fig. [3](#asw035F3){ref-type="fig"}; each is based on 100 replications with the constraint $\documentclass[12pt]{minimal}
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4.3. Estimation of aggregate networks $\documentclass[12pt]{minimal}
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Although our goal is to estimate the two network layers, we can also use our estimators of $\documentclass[12pt]{minimal}
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We compared the performance of the EM method with two existing single-level methods for estimating multiple graphs: the hierarchical penalized likelihood method of [@asw035C13] and the joint graphical lasso of [@asw035C6]. As shown by simulation results reported in the [Supplementary Material](#sup1){ref-type="supplementary-material"}, these two single-level methods tended to give similar, sparse estimates that were very different from the true aggregate graph. The true aggregate graph tended to be highly connected, as illustrated in Fig. [1](#asw035F1){ref-type="fig"}, and under most settings was much better estimated by the EM method. An exception was setting (II) with $\documentclass[12pt]{minimal}
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}{}$\Omega _{Y_k}$\end{document}$ is relatively sparse, and the best performance came from the method of [@asw035C13]. Sparsity in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Omega _{Y_k}$\end{document}$ arises under this setting because when $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Omega _k$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Omega _0$\end{document}$ are chain networks $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Omega _{Y_k}$\end{document}$ has a strong banding structure, with large absolute values within the band and small absolute values outside.

5. Application to gene expression data in mice {#s5}
==============================================

To demonstrate the potential utility of our approach, we apply the EM method to mouse genomics data from [@asw035C9] and [@asw035C5]. In each case, we aim to infer systemic and category-specific gene co-expression networks from transcript abundance as measured by microarrays. In describing our inference on these datasets we find it helpful to distinguish two interpretations of a network: the potential network is the network of biologically possible interactions in the type of system under study; the induced network is the subgraph of the potential network that could be inferred in the population sampled by the study. The induced network is therefore a statistical, not physical, phenomenon, and describes the dependence structure induced by the interventions, or perturbations, applied to the system.

A simple example is the relationship between caloric intake, sex, and body weight. Body weight is influenced by both the state of being male or female and the degree of caloric consumption; these relations constitute edges in the potential network. Yet in a population where caloric intake varies but where individuals are exclusively male, the effect of sex is undefined and the corresponding edges relating sex to body weight are undetectable; these edges are therefore absent in the induced network. More generally, the induced network for a system is defined by both the potential network and the intervention applied to it: two populations of mice could have the same potential network, but when subject to different interventions their induced networks could differ. Conversely, when estimating the dependence structure of variables arising from population data, the degree to which the induced network reflects the potential network is a function of the underlying conditions being varied and interventions at work.

The [@asw035C9] dataset comprises expression measurements for 23 698 transcripts on 301 male mice in adipose, liver, brain and muscle tissues. These mice arose from an $\documentclass[12pt]{minimal}
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}{}$\hbox {F}_2$\end{document}$ cross between two contrasting inbred founder strains, one with normal body weight physiology and the other with a heritable tendency for rapid weight gain. In a cross of this type, the analysed offspring constitute an independent and identically distributed sample of individuals who are genetically distinct and have effectively been subject to a randomized allocation of normal and weight-inducing DNA variants, or alleles, at multiple locations along its genome. As a result of this allocation, gene expression networks inferred on such a population would be expected to emphasize more strongly those subgraphs of the underlying potential network that are related to body weight. Moreover, since the intervention alters a property affecting the entire individual, we might expect it to exert at least some of its effect systemically, that is, globally across all tissues in each individual.

Using a subset of the data, we inferred the dependence structure of gene co-expression among three groups of well-annotated genes in brain and liver: an obesity-related gene set, an imprinting-related gene set, and an extracellular matrix, i.e., the ECM-related gene set. These groups were chosen based on criteria independent of our analysis and represent three groups whose respective effects would be exaggerated under very different interventions. The tissue-specific and systemic networks inferred by our EM method are shown in Fig. [4](#asw035F4){ref-type="fig"}. Each node represents a gene, and the darkness of an edge represents the magnitude of the associated partial correlation. The systemic network in Fig. [4](#asw035F4){ref-type="fig"}(c) includes edges on the *Aif1* obesity-related pathway only, which is consistent with the $\documentclass[12pt]{minimal}
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}{}$\hbox {F}_2$\end{document}$ exhibiting a dependence structure induced primarily by an obesity-related genetic intervention that acts systemically. The category-specific networks in Figs. [4](#asw035F4){ref-type="fig"}(a) and (b) still include part of the *Aif1* pathway, suggesting that variation in this pathway tracks variation at both the systemic and the tissue-specific level; in other ways their dependence structures differ, with, for instance, *Aif1* and *Rgl2* being linked in the brain but not in the liver. The original analysis of [@asw035C9] used a correlation network approach, whereby unconditional correlations with statistical significance above a predefined threshold were declared as edges; that analysis also supported a role for *Aif1* in tissue-to-tissue co-expression. Fig. 4.Topology of gene co-expression networks inferred by the EM method for the data from a population of $\documentclass[12pt]{minimal}
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}{}$\hbox {F}_2$\end{document}$ mice with randomly allocated high-fat versus normal gene variants. Panels (a) and (b) display the estimated brain-specific and liver-specific dependence structures. Panel (c) shows the estimated systemic structure describing whole-body interactions that simultaneously affect variables in both tissues.

The [@asw035C5] data comprise expression measurements of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$23\,000$\end{document}$ transcripts in brain, liver, lung and kidney tissues in 45 mice arising from three independent reciprocal $\documentclass[12pt]{minimal}
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}{}$\,{\times }\,$\end{document}$A. Across the two progeny groups, the set of alleles inherited is identical, with each mouse having inherited half of its alleles from A and the other half from B; but the route through which those alleles were inherited differs, with, for example, A$\documentclass[12pt]{minimal}
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}{}$\,{\times }\,$\end{document}$A inheriting them only from their mothers. The underlying intervention in a reciprocal cross is therefore not the varying of genetics as such but the varying of parent-of-origin, or epigenetics, and so we might expect some of this epigenetic effect to manifest across all tissues.

We applied our EM method to a normalized subset of the [@asw035C5] data, restricting attention to brain and liver, and removing gross effects of genetic background. Our analysis identified three edges on the systemic network as shown in Fig. [5](#asw035F5){ref-type="fig"}(c) that include the genes *Igf2*, *Tab1*, *Nrk* and *Pde4b*, all from the imprinting-related set implicated in mediating epigenetic effects. Thus, the inferred patterns of systemic-level gene relationships in the two studies coincide with the underlying interventions implied by the structure of those studies, with genes affecting body weight in the [@asw035C9] data and genes affected by parent-of-origin in the [@asw035C5] data. Fig. 5.Topology of gene co-expression networks inferred by the EM method for the data from a population of reciprocal $\documentclass[12pt]{minimal}
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}{}$\text {F}_1$\end{document}$ mice. Panels (a) and (b) display the estimated brain-specific and liver-specific dependence structures. Panel (c) shows the estimated systemic structure describing whole-body interactions that simultaneously affect variables in both tissues.

To demonstrate the use of our method for higher-dimensional data, we examined a larger subset of genes from [@asw035C9]. Selecting the $\documentclass[12pt]{minimal}
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}{}$\lambda _2$\end{document}$. The existence of a single, nonzero systemic layer for these data was strongly supported by significance testing, as described in the [Supplementary Material](#sup1){ref-type="supplementary-material"}. The topologies of the estimated tissue-specific and systemic networks are shown in Figs. [6](#asw035F6){ref-type="fig"} (a)--(d), with a zoomed-in view of the edges of the systemic network shown in Fig. [6](#asw035F6){ref-type="fig"}(f). The systemic network is sparse, with 249 edges connecting 62 of the 1000 genes in Fig. [6](#asw035F6){ref-type="fig"}(e); this sparsity may reflect there being few interactions simultaneously occurring across all tissues in this $\documentclass[12pt]{minimal}
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}{}$\hbox {F}_2$\end{document}$ population, with one contributing reason being that some genes are expressed primarily in one tissue and not others. The systemic network also includes a connection between two genes, *Ifi44* and *H2-Eb1*, that are members of the *Aif1* network of Fig. [4](#asw035F4){ref-type="fig"}. To characterize more broadly the genes identified in the systemic network, we conducted an analysis of gene ontology enrichment ([@asw035C26]), in which the distribution of gene ontology terms associated with connected genes in the systemic network was contrasted against the background distribution of gene ontology terms in the entire 1000-gene set; this showed that the systemic network is significantly enriched for genes associated with immune and metabolic processes, which accords with recent studies linking obesity to strong negative impacts on immune response to infection ([@asw035C22]; [@asw035C20]). The original study of [@asw035C9] also showed the enrichment of inflammatory response processes in co-expression from liver and adipose, again using unconditional correlations. Fig. 6.Topology of co-expression networks inferred by the EM method applied to measurements of the 1000 genes with highest within-tissue variance in a population of $\documentclass[12pt]{minimal}
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}{}$\hbox {F}_2$\end{document}$ mice. Panels (a)--(d) show category-specific networks estimated for adipose, hypothalamus, liver and muscle tissue. Panel (e) shows the structure of the estimated systemic network, describing across-tissue dependencies, with panel (f) showing a zoomed-in view of the connected subset of nodes in this graph.

6. Discussion {#s6}
=============

In this paper we consider joint estimation of a two-layer Gaussian graphical model that is different from, but related to, the single-layer model. In our setting, the single-layer model estimates an aggregate graph $\documentclass[12pt]{minimal}
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}{}$\Omega _{Y_k}$\end{document}$ directly. Our model, by contrast, estimates the two graphical layers that compose the aggregate, namely $\documentclass[12pt]{minimal}
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}{}$\Omega _0$\end{document}$, and imposes sparsity on each. This can imply an aggregate graph $\documentclass[12pt]{minimal}
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}{}$\Omega _{Y_k}$\end{document}$ is a by-product and, as such, is a secondary subject of inference. Importantly, our two-layer model includes the single-layer model as a special case, since in the absence of an appreciable systemic dependence, when $\documentclass[12pt]{minimal}
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}{}$\Sigma _Z=0$\end{document}$, the two-layer model reduces to a single layer.

Our model lends itself to several immediate extensions. First, we currently assume that the systemic graph affects all tissues equally, but, as suggested by one reviewer, we can extend our model to allow the influence of the systemic layer to vary among tissues. For example, since muscle and adipose tissue are both developed from the mesoderm, we might expect them to be more closely related to each other as compared with the pancreas, which is developed from the endoderm. We can accommodate such variation in our model as $$\documentclass[12pt]{minimal}
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}{}\[ Y_{k, i} = X_{k, i} + \alpha_k Z_i \quad (k = 1, \ldots, K; \, i = 1, \ldots, n), \]\end{document}$$ where $\documentclass[12pt]{minimal}
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}{}$\Omega _k$\end{document}$. More details can be found in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.
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}{}$\ell _1$\end{document}$-penalized maximum likelihood framework to other nonconvex penalties such as the truncated $\documentclass[12pt]{minimal}
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}{}$\ell _1$\end{document}$-function ([@asw035C27]) and the smoothly clipped absolute deviation penalty ([@asw035C11]). Furthermore, we believe it would be both practicable and useful to extend these methods beyond the Gaussian assumption ([@asw035C3]; [@asw035C19]; [@asw035C30]).

Supplementary material {#s7}
======================

[Supplementary material](#sup1){ref-type="supplementary-material"} at *Biometrika* online includes technical proofs of the theorems, extra simulation results, R code for the EM algorithm, and model diagnosis for the real-data analysis.
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[^1]: EL, the average entropy loss; FL, the average Frobenius loss; FN, the average false negative rate; FP, the average false positive rate; HD, the average Hamming distance; $\documentclass[12pt]{minimal}
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